In this paper, we consider a network capacity expansion problem in the context of telecommunication networks, where there is uncertainty associated with the expected traffic demand. We employ a distributionally robust stochastic optimization (DRSO) framework where the ambiguity set of the uncertain demand distribution is constructed using the moments information, the mean and variance. The resulting DRSO problem is formulated as a bilevel optimization problem. We develop an efficient solution algorithm for this problem by characterizing the resulting worst-case two-point distribution, which allows us to reformulate the original problem as a convex optimization problem.
Introduction
Uncertainty has been recognized as a reality of our day-to-day living where choices are often made under partial or unknown information. Hence mitigating against uncertainty in decision making has always been a key business driver. In operations research, frameworks have been developed that help to address decision making under uncertainty in two broad areas, namely the stochastic and the robust optimization approaches.
In the stochastic approach, we assign probabilities to the random variables by assuming that the probability distribution of these variables or uncertain data is known or can be accurately estimated from historic data Chen et al. (2008) . A drawback of this approach is that in real life, the probabilities are often not available or correctly estimated. Robust optimization on the other hand addresses the problem of data uncertainty by assuming that the data lie within a closed set Ben-Tal and Nemirovski (1999) . It provides an uncertainty immune solution for the worst case of the uncertain data set. Whereas in the robust optimization approach, we optimize the worst-case objective, in the stochastic optimization approach we optimize relevant statistical measures, e.g. expectation, median, CVaR etc. Ignoring the probability information has been a main criticism of the robust approach which may produce an overly conservative solution Chen et al. (2007) . Despite the limitations of these two approaches, network design problems under demand uncertainty using these approaches have been frequently considered.
Network design has a strategic role within the planning function of most organizations. The task is to ensure the highest quality of design while efficiently balancing the requirement of just enough capacity with the capacity investment cost. Magnanti and Wong (1984) ; Minoux (1989) provide a survey of the network design models as well as a unifying framework for many of such models. Network design has found application in many areas, such as transportation, supply chain, communications, and social networks. Thapalia et al. (2012) showed that stochastic just like robust optimization models are often NP-hard, and even the deterministic network design model itself may be difficult to solve for problems of industrial size. Nemirovski et al. (2009) investigated the heuristic methods based on Monte Carlo sampling techniques, stochastic approximation (SA) and sample average approximation (SAA), in their attempt to find a robust stochastic solution. On the other hand, Bai et al. (2014) compared the result of the deterministic model to the stochastic model using a standard commercial solver while they proposed the use of heuristics or relaxation methods to solve large-scale problems. Sun et al. (2017) determined the quality of the deterministic solutions for a stochastic multi-commodity network design problem and conclude that this solution can be used to find a good heuristic solution to the stochastic multi-commodity network design model. The deterministic solution is hence contained in the stochastic solution and using it as a skeleton improves results with as much as 97% of the initial loss recovered. The framework consists of solving a deterministic network design problem, extracting the discrete variables, fixing them in the stochastic model and then solving a stochastic linear problem. Santoso et al. (2005) solved a supply chain network design problem using sample average approximation and combined this with an accelerated Benders decomposition algorithm to solve a problem with a large number of scenarios. Bidhandi and Yusuff (2011) also study a supply chain network, which was solved using SAA combined with a Benders decomposition algorithm. Kılıç and Tuzkaya (2014) formulate a distribution network as a two-stage design problem and solve this using a MIP methodology called the TSMIP.
Literature abounds on the application of robust optimization to network planning and design following the seminal work of Soyster (1973) and Ben-Tal et al. (1998) ; Laguna (1998) ; Kouvelis and Yu (1997) ; Ghaoui et al. (1998) ; Ben-Tal and Nemirovski (1999) ; Sim (2003, 2004 ) among many others. Of particular importance is the work of Ben-Tal et al.
(2004) which introduced the adjustable robust framework that addresses two-stage decision problem where the network planning and design problem is situated. Atamturk and Zhang (2007) applied this to network flow design problem under demand uncertainty, a two stage problem which allows the control of the conservatism of the solution via a parameterized budget uncertainty set, Ordóñez and Zhao (2007) studied the network capacity problem under both demand and travel time uncertainty for a multi-commodity flow problem with single source and sink per commodity while Ouorou and Vial (2007) introduced affine routing concept in their robust capacity planning model under demand uncertainty using path-based formulation and of recent, Garuba et al. (2019a) addressed non-linearity of cost function in robust network capacity expansion problem. Also, there have been work towards exact solution with Mattia (2012) being the forerunner while others are Zeng and Zhao (2013) ; Bertsimas et al. (2015) ; Pessoa and Poss (2015) ; Ayoub and Poss (2016) using different types of decomposition algorithms.
In this paper, to address the drawback of the two approaches, we leverage on their respective strengths and investigate a distributionally robust stochastic stochastic (DRSO) approach to a multi-commodity network design problem, where the probability distribution itself is affected by ambiguity. This combination of robust and stochastic optimization for a network capacity planning problem is then analyzed with respect to time of execution, resource usage and applicability in a real world setting This approach has found increasing application in diverse areas/field since its introduction by Scarf (1957) in his min-max solution of inventory problem. Popescu (2007) used this approach in the mean-covariance of the uncertain data distribution to derive a robust solution approach for a max-min and min-max stochastic problem without recourse. Delage and Ye (2010) in their work on distributionally robust stochastic programming develop a model that combines the distribution and moment of the uncertain data. They show that their model outperforms the naive approximated stochastic model proposed by Popescu (2007) . However, a polynomial-time algorithm for the larger range of utility functions considered in Popescu (2007) was beyond the scope of their work. Goh and Sim (2010) on the other hand develop a tractable approximation to a distributionally robust optimization problem. Unlike most minmax stochastic programs, the expectation of recourse variable was included in their model. Mak et al. (2013) applied the distributionally robust framework to solve an electric vehicle battery swapping station location problem. They also validate the accuracy of this solution against that of the SAA and were able to show that it provides a good approximation to the SAA. Cheng et al. (2016) proposed a new reformulation and approximation for solving the distribution robust shortest path problem building on their earlier work (Cheng et al., 2013) .
A unifying framework was proposed by Wiesemann et al. (2014) for modeling and solving distributionally robust optimization problems based on standardized ambiguity sets which encompasses many sets from the literature. They identify conditions under which this framework is tractable and develop a tractable conservative approximation for problems that violate these conditions. Bertsimas et al. (2018) developed a framework for solving adaptive distributionally robust linear optimization problem. This paper presents the following contributions: We consider an uncertain network capacity expansion problem and develop an efficient algorithm to its distributionally robust counter-part by characterizing the resulting two point distribution using Richter-Rogonski's theorem Richter (1957) ; Rogosinski (1958) . We compare the quality of solutions from this algorithm to the solutions obtained from a discrete robust approach. It is observed from our numerical experiments that solutions found by the DRSO algorithm outperform solutions from the robust optimization approach on highly risk-averse performance metrics.
The model from the literature that is the most similar to ours, but with a flow cost, can be found in Nakao et al. (2017) . While their approach resulted in a computationally challenging solution approach (including the discretization of continuous values), the model presented here is considerably easier to solve.
The rest of this paper is organized as follows. In Section 2, we describe the general distributionally robust stochastic optimization concept. Section 3 explains the robust network design problem we consider. In Section 4, our efficient formulation of the distributionally robust problem is developed. We first focus on the single-commodity case and then extend results to the multi-commodity case. In Section 5, the experimental setup and computational result are discussed. Finally, Section 6 concludes our work and points out future research directions.
Distributionally Robust Stochastic Optimization
Distributionally robust stochastic optimization is a data-driven modeling methodology for optimization under uncertainty. It encompasses aspects from both robust and stochastic optimization, frameworks that are complementary to each other though differing in their approaches to addressing the uncertainty Ben-Tal et al. (2009) .
Robust optimization provides a framework to immunize against uncertainty that is believed to lie within a closed and bounded set known as the uncertainty set, while the stochastic optimization framework assumes that the probability distribution of these parameter uncertainty is known. However, in real world application, "true" distribution knowledge is never completely known but at most can only be estimated from available data Shapiro and Kleywegt (2002) . On the other hand, one of the major attractiveness which has resulted in the explosion of research into the robust framework is its tractability to a wide range of challenging problems. Nevertheless, this methodology also faced criticism for its inability to factor in the distribution knowledge of the underlying uncertain data, leading to overly conservative solutions Wiesemann et al. (2014) ; Chen et al. (2007) .
Uncertainty can be viewed as risk when the probability distribution is known or as an ambiguity otherwise Bertsimas et al. (2018) . Neither of these two approaches is suitable to deal with ambiguity from the perspective of decision theory. However, combining the uncertainty set of the robust approach with the probability distribution from the stochastic approach produces a more potent methodology that is able to handle both risk and ambiguity. Hence, under the distributionally robust stochastic framework, the probability distribution is also subjected to uncertainty. The aim is to find a decision such that for any possible probability distribution from the ambiguity set, the stochastic constraints of the model are satisfied.
In the era of growing data-driven applications, moments that constitute the ambiguity are estimated in the face of limited historical data. Scarf (1957) was the first to apply this methodology in his min-max proposal to the newsvendor problem where the "true" distribution, though not known completely, is only characterized by its mean and standard deviation and belongs to a class of probability distributions with the same mean and standard deviation. The distributionally robust stochastic approach hence seeks to maximize the expectation by considering the worst case distribution in this probability distributions class also known as the ambiguity set.
Problem Description
Planning for capacities to be added in networks is a major strategic problem in most telecommunication organizations. Usually, this decision is made under uncertainty of the future traffic demand. As with most strategic roles, this often involves large capital expenditure investment.
Hence, in this paper, we consider a multi-commodity network demand flow problem, where additional capacities are added to accommodate uncertain traffic demands while minimizing the total cost involved subject to design constraints.
Basic Network Expansion Problem
The problem can be represented by a directed graph G = (V, A) which denotes the network of interest. Each of the arcs a ∈ A has an original capacity u a which can be upgraded at a cost c a per incremental unit of capacity. A set of commodities K = {1, . . . , K} need to be routed across the network with each commodity k ∈ K consisting of a demand d k ≥ 0, a source node s k ∈ V, and a sink node t k ∈ V. Additionally, let φ be the cost of not satisfying one unit of demand over the planning horizon (i.e., by outsourcing it). Under complete demand certainty, the nominal network capacity expansion problem can then be formulated as:
Here, [y] + denotes the positive part max{0, y}, while δ + (v) and δ − (v) are the sets of the outgoing and incoming arc at node v ∈ V, respectively. Variables f k a denote the flow of commodity k ∈ K along edge a ∈ A, while x a models the amount of capacity being added to arc a. The objective function (1) is to minimize the sum of capacity expansion cost and outsourcing costs.
Constraints (2) are a variant of flow constraints, where we allow an arbitrary amount of flow to leave the source node s k . Through the objective, only the flow arriving in t k is counted. Finally,
Constraints
(3) which model the capacity on each edge ensure that amount of flow does not exceed the sum of initial and added capacity.
Robust Problem Formulation
Since the actual demand values d d d = (d 1 , . . . , d K ) ∈ R K + are uncertain, we assume here that they can take any value in a predetermined uncertainty set U, which can be represented as
The network capacity expansion problem using the robust optimization framework is to minimize the cost of capacity investment and the worst-case costs of outsourced (unsatisfied) demand while satisfying the network constraints. The robust network design for uncertainty set U is hence:
x a ≥ 0 ∀a ∈ A (10) with a scenario d d d being the demand vector over all commodities. As before, φ is a penalty parameter for uncovered demand (e.g., outsourcing costs). We can send as much flow as we like, but flow cannot appear outside the source, and sending insufficient flow creates a penalty. The constraints (1)-(5) have been updated to take uncertainty into account, hence the worst case is considered in constraints (6). The positive part [·] + in the objective can be easily linearized using additional variables τ k ≥ 0 and constraints
The inner maximum can be linearized in an analogous way.
Distributionally Robust Stochastic Problem Formulation

Single-Commodity Case
The single commodity network design problem with outsourcing can be modeled as below.
Notice that we drop the subscript k from d k , s k and t k , because we assume a single commodity problem, i.e., K = 1;
In this formulation,d is the amount of demand that we intend to satisfy. We consider the problem as a bilevel optimization problem, where first the network owner makes his decision of the amount of demand he wishes to satisfy, and then nature chooses a probability distribution for the demand which maximizes the expected unsatisfied demand. So the second level problem
This means we consider all probability distributions P over d that have the same mean µ and variance σ 2 . We denote this set as P. We can thus rewrite the DRSO problem as
where N (d) denotes the value of the inner nature's problem, and X the set of feasible solutions with respect to x x x, f f f andd.
Model Reformulation
Lemma 1 Let some first-stage solution (x x x, f f f ,d) be fixed. The optimal objective value of nature's problem can then be written as
Proof: A proof of the result can be found in Lo (1987) . Recall that
It can be shown that there is a worst-case distribution that is a two-point distribution, which follows from the Richter-Rogonski theorem Richter (1957) ; Rogosinski (1958) . For the sake of completeness, we present a proof in Appendix A.
An example for the shape of function N (d) is presented in Figure 1 . Proof: The first derivative of N with respect tod is
and the second derivative is
Note that the first derivative is continuous, as
and it is non-decreasing. Hence, the function is convex.
We now introduce some additional notation. Let F (d) be the objective value of the DRSO problem for fixed value ofd. Then,
where as before, N (d) is the objective of the adversary problem, and X(d) is the set of vectors
x x x and f f f that give a flow valued. We rewrite this to
Proof: We show that G(d) is a convex function ind. This, together with the fact that N (d) is convex due to Lemma 2, implies that their sum, F (d) is also convex.
for a large value ψ ≥ a∈A c a . Let (x x x , f f f ) be an optimal solution to G (d) and assume that
Then we can increase each x a by ∆ to find a new solution where there is sufficient capacity to outsource no demand at all. As increasing the capacity this way increases the costs by ∆ a∈A c a and ψ > a∈A c a , we have constructed a new solution that is feasible and has no higher objective value that (x x x , f f f ). Hence there is an optimal solution to G (d) that meet exactly a demand ofd. Therefore, G (d) = G(d).
Recall that if a function f 1 (x, y) is convex in (x, y) and C is a convex set, then
is convex as well Boyd and Vandenberghe (2004) . Therefore, 
Extension to the Multi-Commodity Case
In this setting, we assume that the demand at each of the origin-destination pairs (s k , t k ) is affected by a different distribution. In particular, we have mean µ k and variance σ 2 k for each k ∈ K. The nature problem in this case becomes:
The DRSO problem can now be written as
x a ≥ 0 ∀a ∈ A
where N (d d d) denotes the multi-dimensional version of nature's problem as defined by equations (28)-(30).
Corollary 2
The optimal solution for nature's problem defined by equations (28)-(30) can be expressed as
Proof: This extends Lemma 1 using the linearity of the expectation on the one hand, and the decomposability of nature's problem on the other hand. We have
which proves the result.
Moreover, it can be easily verified that N (d d d) is convex, as it is a sum of convex functions.
Experiments
Setup
Our models were implemented using a real-world network from the SNDLib library (see Orlowski et al. (2010) ), the Nobel-US network with 14 nodes and 42 arcs. A sample of 10, 000
demand scenarios was generated to form our reference set, sampling i.i.d from a gamma distribution with shape 4 and scale 5 while discarding negative demands and any demand above 50. Three instances of 20 source-sink node pairs were randomly generated for the test network;
commodity set A, commodity set B and commodity set C. We then sample training sets for the optimization models. Commodities A and B use the same set of 60 scenarios. For commodity C, we sample a separate set of 60 scenarios. These are used as discrete uncertainty sets for the robust model, and to compute the empirical mean and the variance for the DRSO model.
The solutions found by the two optimization models are then evaluated with demands from the reference set using 5,000 scenarios. The whole experimental setup is repeated 21 times for commodities A and B, and 20 times for commodity C. We provide an overview on the experimental setup in Table 1 .
The cost of capacity allocation to the arc is randomly generated using a normal distribution with mean 40 and variance 36, while the penalty of unsatisfied or outsourced demand was set to 130 using 10(N − 1), where N is the number of arcs. The results of the two models, DRSO and Robust, are evaluated in-sample and out-sample using the below model. This seeks to calculate an optimal flow for a fixed scenario d d d while minimizing the expected outsourced demand τ k in each commodity k ∈ K, due to lack of adequate capacity. As the first-stage investment is already fixed, we fix the x x x solution in this model.
For each x x x solution, 5, 000 evaluations are done and the outsourced demand together with satisfied demand are recorded for each evaluation. Table 3 and Table 4 present the results for each demand instance for the robust and DRSO solutions respectively. For the same demand instance, the DRSO solution invests less in capacity, which can be expected since it takes the distribution information of the random variable into consideration unlike the robust model. The DRSO solution is less conservative in this regards, whereas the robust solution plans for the worst observed realization of the random variable. The DRSO solution is therefore cost efficient, building only the needed capacity based on the distribution information which lowers the investment cost, while the robust solution seems to take the more pessimistic route. Comparing each demand instance, the penalty cost of outsourced demand is lower for the robust solution, which is attributed to the fact that it builds for the worst case.
Computational Results
Evaluating the performance of the optimization solution, which is reported by the outsample performance in Table 3 and Table 4, However, this simple comparison may not fully explain the performance of the models, hence we will rely on the charts presented in Figure 2 to Figure 5 . The capacity investment, on the horizontal axis, is compared with the four expected unsatisfied demand metrics in Figure 2a to Figure 2d .
Each of these four charts gives the same observation: Solutions based on the robust model,at higher investment cost, are revealed to be generally more robust than solutions based on DRSO model, which are at lower investment region. For an unexpected surge in traffic, the solution based on robust model will be more able to accommodate this surge compared to the DRSO solution, as its expected outsourced demand is lower. However, in order to allow for a fair comparison of these two models and to be sure this observation is consistent for both models in all the investment regions, we scale a robust solution up towards the DRSO solutions area while scaling down a DRSO solution towards the robust solutions area using expected unsatisfied demand that is presented in Figure 2a . This scaling, which was also used in Garuba et al. (2019b), is carried out using a representative data point for each model. We scale the x x x solution in the direction of interest and re-evaluate with the out-of-sample set. In personal experience, this is also common in the industry, where an optimal solution is scaled up or down during planning iteration, thus allowing for a comprehensive comparison of the two models in all the investment regions. The DRSO x x x solution is multiplied by a factor of λ = 1.0 to λ = 1.8, where λ is the scaling factor, with a scale interval of 0.08, to scale up the solution towards the high investment area while the robust solution is multiplied by a factor of λ = 1.0 to λ = 0.5, with a scale interval of 0.05, to scale down the solution towards the low investment area. The result of this scaling is as shown in Figure 3 which to the contrary shows that for highly risk-averse metrics (maximum and CVaRs of expected unsatisfied demand), solutions based on the DRSO model are in fact better, having a higher degree of robustness with increasing capacity investment even for high investment. However, for the less risk-averse metric (expected unsatisfied demand), the robust model gives a better solution at higher investment region but with comparable performance for lower investment cost. This observation is consistent for the other two commodities B and C, see Figure 7 and Figure 10 in the appendix. Although the robust solutions follow a pessimistic route and build more capacity for the same demand instances, there is no observed significant difference in the average unit cost of capacity for these two models irrespective of commodity type and data set, see Table 2 . For commodity A, for instance, with average unit capacity cost of 38.50 for the DRSO solutions and 38.76 for the robust solutions.
Additional insight on this is provided by Figure 5a , which compares the unit cost per instance and by Figure 5b , which shows similar linear relationship between capacity and investment for the two models. However, if the capacity installed is compared to the total investment cost, the unit cost of robust solutions becomes cheaper. 
Conclusions
In this paper an efficient approach to distributionally robust network capacity planning under demand ambiguity was proposed. In this approach, we formulate the problem as bilevel Moreover, the solutions based on the DRSO were found to be less conservative when compared to Robust model, irrespective of the observed demand instance, data set used and the commodity type, with lower total and capacity investment.
Suppose now thatd > µ 2 +σ 2 2µ . Let χ 2 be the upper support point of nature's distribution. Nature objective function can be written as:
where q is probability mass on lower support point. We can express q in terms of χ 2 using the fact that
which can be derived from the following two equations, where α is the lower support point ;
Then, Equation 40 becomes;
The value of χ at the root maximizes the above function. To this end, the first derivative of
Setting ∂N ∂χ 2 = 0, produces a root at χ 2 =d + (d − µ) 2 + σ 2 which when substituted in Equation 41 gives
Simplifying the above equation and re-arranging terms result in the below;
and this completes the proof of Equation 22.
Appendix B Results for commodity type B.
We present additional results for commodity type B in a similar way to the presentation of results for commodity type A in the main text. Table 5 and Table 6 show key metrics for the 21 repetitions using the robust and the DRSO model, respectively. Results indicate an overall similarity to the results reported in Section 5.
Appendix C Results for commodity type C.
We present additional results for commodity type C in a similar way to the presentation of results for commodity type A in the main text. Table 7 and Table 8 show key metrics for the 20 repetitions using the robust and the DRSO model, respectively. 
